Abstract: A classical problem in lattice theory is to determine whether a given lattice can be realized as O K -lattice, where O K is the ring of integers of some number field K. In this work we show that the lattice D 4 can be realized as an O F -lattice for infinitely many totally real biquadratic fields F .
Introduction
In this work an n-dimensional lattice means a discrete subgroup of R n of rank n. Given a number field K of degree n over the rationals and its ring of integers O K , n-dimensional lattices can be obtained as geometric representations of submodules of rank n of O F via the Minkowski homomorphism (canonical embedding) [2, 11] , and more generally via the twisted homomorphism [1] . A lattice Λ obtained from a number field K via one of the above mappings is an O K -lattice; alternatively, we also say that Λ can be realized as an O K -lattice.
One important feature of a lattice Λ is the sphere packing associated to it, namely, the arrangement of identical spheres centered at the points of Λ and of radii equal to half the minimum distance of Λ. The latter quantity is defined as the minimum Euclidean distance between any two distinct lattice points or equivalently, the minimum ℓ 2 -norm of any nonzero lattice vector. The packing density of Λ is equal to the fraction of the space filled by the spheres described above. Determining a lattice with the highest packing density in a given dimension n is a classical problem in geometry of numbers, which also has important applications in data transmission [2, 10] .
An important open problem stated in [1] is: Given a lattice Λ, is there a number field K such that Λ is an O K -lattice? If so, what are the number fields having this property? Using the above algebraic construction and cyclotomic fields, M. Craig reproduced the Leech lattice [3] and the lattice E 6 [4] . He has also obtained a family lattices in dimensions p − 1, for p prime, denoted by A (m) p−1 , such that the associated sphere packings have record density in several dimensions [2, pp. 222-227] . The lattice E 8 has been reproduced in [1] and [5] using cyclotomic fields.
The focus of this paper is on the checkerboard lattice D 4 , which is defined as the set of all points (x 1 , x 2 , x 3 , x 4 ) in Z 4 such that x 1 + x 2 + x 3 + x 4 is even. The sphere packing associated to D 4 is the densest lattice packing in four dimensions, with density equal to π 2 /16. This result was proved by Korkine and Zolotareff [8] . In [7] the authors showed that D 4 is the image, under the twisted homomorphism, of a Z-submodule I in the ring of integers of Q(ζ +ζ −1 ), where ζ ∈ C is a primitive 16th root of unity.
The contribution of the present paper, which is contained in Section 3, is a new number field construction for D 4 : We show that the lattice can obtained from an infinite family of totally real biquadratic fields via the Minkowski homomorphism. A brief review of notation and the required background will be presented in Section 2.
Background
This section reviews the standard definitions and results that will be used in Section 3. The reader interested in further details is referred to [2, Chap. 1]. The volume of an n-dimensional lattice Λ, denoted by vol Λ, is defined as the volume of the parallelotope determined by any basis of Λ. The center density of Λ is defined as δ(Λ) = ρ n /vol Λ.
Let K be a totally real number field of degree n whose embeddings (Qmonomorphisms of K into C) are σ 1 , . . . , σ n . If O K is the ring of integers of
is an n-dimensional lattice whose minimum distance and volume are given, respectively, by
where Tr K/Q (·) denotes the field trace and Disc(K) denotes the discriminant of K, see [2, Ch. 8] and [11, Ch. 4] . Therefore, the center density of Λ is given by
Lattices from
Let F be the totally real biquadratic field Q( √ 2, √ m) where m is a positive square-free integer congruent to 3 modulo 4. An integral basis for F is {α 1 , α 2 , α 3 , α 4 }, where
, id : 
Now let j be a fixed rational integer and define 
that is, −2 is quadratic residue of m. Lemma 1. Notation as above, let j be such that
Proof. The assertion is clear if |x 3 | and |x 4 | are both greater than 1, so we will analyze the following cases:
2. x 3 = 0, x 4 = 1.
3. x 3 = 1, x 4 = 0.
4. x 3 = x 4 = 1.
5.
The case (x 3 , x 4 ) = (0, −1) is analogous to Case 2 whereas the cases (x 3 , x 4 ) = (1, −1), (−1, 1), and (−1, −1) are analogous to Case 4, so they will be omitted.
Case 1:
We have x 1 = 2y 1 for some y 1 in Z. The form in (3) becomes
If we show that 2y 2 1 + x 2 2 ≥ m, this case is concluded. Indeed, from jx 1 − 2x 2 ≡ 0 (mod m), it follows that j(2y 1 ) ≡ 2x 2 (mod m), whence 2y 2 1 +x 2 2 ≡ 0 (mod m). Since y 1 and x 2 cannot be both zero, the assertion follows.
Case 2:
We have for some k ∈ Z. Once we show that k ≥ 1, this case is concluded. Indeed, if k = 0, then −x 2 1 = 2x 2 2 , which is impossible. Hence, k ≥ 1.
Case 4:
We have x 1 = 2y 1 + 1 for some y 1 in Z. From x 4 ≡ (jx 1 − 2x 2 ) (mod m), it follows that jx 1 − 2x 2 ≡ 1 (mod m), whence (1 + 2x 2 ) 2 ≡ −2x 2 1 (mod m). The form in (3) becomes
for some k ∈ Z. Once we show that k ≥ 1, this case is concluded. Indeed, if k = 0, then (1 + 2x 2 ) 2 = −2x 2 1 , which is impossible. Hence, k ≥ 1. for some k ∈ Z. Once we show that k ≥ 1, this case is concluded. Indeed, if k = 0, then (1 + 2x 2 ) 2 = −2x 2 1 , which is impossible. Hence, k ≥ 1.
Recalling that the densest 4-dimensional lattice packing is unique and has center density equal to 1/8, see [2, pp. 13 and 15], we can now state the main result of the paper. 
